A new potential function, which can in a simple and reasonable manner represent the molecular interaction of many kinds of hard-core fluids by varying the value of its parameter, is proposed. For prediction of thermodynamic properties of hard-core fluids such as the square-well (SW) and hard core Lennard-Jones (HCLJ), a simple perturbed equation of state (EOS) is derived by using the new potential function along with the Barker-Henderson perturbation theory. This method yields a simple and general analytical expression for each thermodynamic property of such fluids. The most important feature of these expressions is that they have no adjustable parameter and in some regions in which there is no simulation data for such hard-core fluids, such equation may be used to predict the needed data. The derived EOS in this work was successfully applied to predict thermodynamic properties of the SW and HCLJ fluids, for which the simulation data are available. The predicted results are in good agreement with both the computer simulation data and the well-known equations of state.
Introduction
The theory of simple fluids with spherical potentials is rather well developed and little remains to be done as far as improving the agreement with the known models involve an extensive numerical computation and are often not practical for obtaining quick and accurate results for the fluids. It is therefore of great interest to condense the numerical results of the long tables into some simple analytical expressions that are simpler to handle, from which even a physical insight may be provided and therefore application and extension to more complicated fluid systems becomes possible.
Reliable models for the accurate correlation and prediction of thermodynamic properties of pure fluids and their mixtures are much in demand for process design and material handling. In the chemical and petroleum industries, much effort has been given to the development of simple analytical equation of state to meet such a demand.
With the development of statistical thermodynamics of fluid, many equations of state have been developed in terms of parameters, which characterize the intermolecular forces. Such works include various equations of state based on the perturbed-hard-chain theory, 1) the generalized van der Waals theory, 2) and the generalized perturbation theory. 3) However, all these equations have attractive terms that are based on either the SW, HCLJ, or Lennard-Jones (LJ) potentials and are not sufficiently flexible; that is due to the fact that the universal constants of these equations are frequently obtained from the simulation data for the specified potential.
Recently, an analytical expression for the first coordination shell of the radial distribution function (RDF) of the hard-sphere fluid has been derived. 4) This expression has as many as 153 parameters. If we use such an expression along with the Barker-Henderson perturbation theory for either the SW or SU fluid yields a very complicated equation of state with 153 parameters which is not easy to handle. 4, 5) In this paper, we have developed a new analytical EOS to predict the properties of hard-core fluids. Our approach is based on the Barker-Henderson perturbation theory along with the new potential function. Even though the proposed potential function is as simple as the SW potential, it is more flexible than the SW, HCLJ, and LJ potentials for practical use. We have used this potential to derive a new equation of state, which is capable of predicting the thermodynamic properties of the hard-core fluids such as the SW and HCLJ fluids.
Potential Function
Potential functions, such as the hard sphere (HS), SW, LJ, and HCLJ are empirical in nature, and approximate to the intermolecular forces in real fluid. 6) Although it is desirable that a potential function be able to represent the intermolecular forces for various kinds of fluids as accurately as possible, it must still be simple in mathematical form. However it is difficult to have a potential function that satisfies these requirements simultaneously.
In this work, a new extended SW potential function is proposed which is a compromise between simplicity, reality and flexibility. The function is
In this expression, x ¼ r= is the intermolecular separation in units of the hard-core diameter . The quantity " is the well depth (minimum potential energy), is the reduced well width, and is an additional parameter introduced to make the potential more flexible by changing the steepness of the potential tail. It is clear that this potential can be reduced to different hard-core potential models, depending on the value of , for making the potential more flexible.
Equation (1) is obviously more realistic than both the HS and SW potentials, owing to the presence of the tail, and also more realistic than the Sutherland (SU) and triangular well potentials, due to the presence of the non-zero well width. Due to the term ð1=xÞ 6 in the tail, the potential is more realistic than the trapezoidel-well (TW) potential. Owing to the fact that different values can be attributed to the parameter of the potential in addition to the parameters , ", and ; it becomes more flexible than the HS, SW, SU, TW, LJ, and HCLJ potentials. Finally it is less complicated than the HCLJ and LJ potentials, due to the simple expression for the tail portion of the potential.
A New Analytical EOS for the Hard-Core Fluid based on Perturbation Theory
In this section, we develop a new equation of state for the proposed potential, based on a perturbation theory. According to the perturbation theory, the Helmholtz free energy is given as, 7) A NkT
where A 0 and g 0 ðrÞ refer to the Helmholtz free energy and the RDF of the reference fluid, respectively. The variable y ¼ ð=6Þ 3 is the packing fraction, and kT has its usual meaning. The integrals appear in eq. (2) depend on y, for which an expression will be derived. We use the HS fluid as the reference in this work. For this reason, A 0 may be derived from the Carnahan-Starling equation as, 8) A
and, g 0 ðxÞ is simply given by,
In eq. (4) we have considered a general form for g 0 ðxÞ and there is no need to know the mathematical form of the g 1 ðxÞ.
The expression for H is given by Barker-Henderson as, 7) H ¼ ð1 À yÞ
The fact that g 0 ðxÞ ¼ 1 for x > , we require the following approximation that,
Using eq. (6) along with the isothermal compressibility equation, 9) 6kT 3 @y @p
we may obtain the following result,
Substitution of eqs. (1), (4) , and (8) into eq. (2) yields,
where,
and,
Using eq. (9) for the Helmholtz free energy, the compressibility factor Z for the proposed potential may be obtained as,
Therefore, on the basis of the proposed potential, the perturbed EOS, eq. (12) is derived.
Calculation of the Thermodynamic Properties of Hard-Core Fluids Using the Derived EOS
The resultant EOS can be easily applied to many kinds of hard-core fluids, for the prediction of their thermodynamic properties, because of the flexibility of the proposed potential function. The applications of the proposed EOS to the SW and HCLJ fluids is presented as follows.
Square-well fluid
The resultant equation of state may be used to calculate the compressibility factor Z of the square-well fluid. The value of in eq. (12) was taken to be 1.5, which has been used by many researchers to simulate the properties of this fluid. 10, 12) To calculate the properties of this fluid, the value of in eq. (12) should be taken equal to zero, since there is no tail for the SW potential. At any reduced density Ã ¼ 3 and temperature T Ã ¼ kT=", the value of the fluid compressibility factor can be easily calculated from eq. (12) without requiring any additional parameter. For comparison, the value of Z may be compared with that given by the 27-constant expression of Alder et al.,
where
with Z m ¼ 18; the Lee-Sandler (LS) equation 15) as presented by Guo et al.
12)
Such a comparison is given in Table I and also shown in Fig. 1 16) and also with the results obtained from the Lee and Chao (LC), 17) GWL, and LS equations of state for various values of .
Recently an analytical expression for the first coordination shell of the RDF for the hard-sphere fluid has been derived, 4) which is given as EOS with 153 parameters which is not simple to be handled. 4, 5) For example, the compressibility factor of the SW fluid can be written as,
where Z 0 is the compressibility factor for the hard-sphere fluid and 
It is to be noted that eq. (12) is simpler than all compared equations of state, except for the LLS equation. As we shall see in the next section, eq. (12) is not limited to the SW fluid. It is to be noted that eq. (12) has three advantages over eq. (20); first is the number of parameters, second is the generality of the EOS, and finally there is no need to any explicit mathematical expression for the RDF for deriving eq. (12).
Hard-core Lennard-Jones fluid
The HCLJ potential is more realistic but more complex than the SW potential. This potential is given as, 18) uðxÞ ¼ 1
In order to apply eq. (12) to the HCLJ fluid, the potential parameters have to be obtained in a suitable manner. In general, the parameters of an equation of state which are used to calculate the fluid properties are considered as adjustable parameters, and their values chosen in such a way that it gives the best fit with the simulation data. This fitting procedure usually makes the theoretically developed equation of state lose its original physical meaning. In this work, an analytical method is proposed to obtain the values of the potential parameters. Strictly speaking, the value of in eq. (12) should vary with density. 9) However, the exact variation of with density is not known, and therefore, its density dependency is discarded. In our calculation is taken to be 1.3 which nearly satisfies eq. (6) for all densities. In addition we have assumed that in eq. (1) is equal to that of eq. (23). The values of and "=" HCLJ are determined in a straightforward analytical procedure, as explained below. This procedure is also applicable to fluids other than the HCLJ fluid with a hard-core repulsion.
For a given fluid, whose potential function, u d ðxÞ, is known, we require that the following two equal-area constraints to be approximated as,
For the HCLJ fluid, we substitute eqs. (23) and (1) These values for the parameters were used to calculate the reduced internal energy and the compressibility factor for the HCLJ fluid. The calculated values of Z ¼ p=RT are compared with the simulation data of Sowers and Sandler 3) in Table III . We have used eq. (9) to calculate the reduced internal energy of the HCLJ fluid, the results of which are compared with those of the simulation data and eq. (27) in Table IV . The Sowers and Sandler EOS (SS) is given as,
from which,
, and Z m is the maximum coordination number. The quantities a, b 1 , and b 2 are adjustable parameters, whose values are obtained by fitting the simulation data into eq. (26). In Table IV , the calculated internal energy is compared with that of eq. (27) and simulation data. 3) One may notice from Tables III and IV that the results obtained from this work are comparable with those obtained from eqs. (26) and (27). However, eq. (12) has an advantage over the SS EOS, which is the absence of any adjustable parameter in this EOS.
Conclusion
We have proposed a new potential function for hard-core fluids that has at least three advantages over other hard-core potentials. These advantages are the reality, flexibility, and simplicity. For example, this potential is more realistic and flexible than the SW potential and more flexible and less complicated than the HCLJ potential. The most important advantage of this potential is the presence of the parameter that makes the potential more flexible. It is clear that this potential can be reduced to different hard-core potential models, depending on the value of . Using the proposed potential function along with the Barker-Henderson perturbation theory, a simple perturbed EOS is derived. This EOS has some advantages, the first advantage is the unique feature of the EOS is that it contains the same number of parameters and uses the same expression for different hardcore fluids that is due to the flexibility of the proposed potential function. Secondly, this EOS has no adjustable parameters, therefore, in some regions that there is no simulation data for such hard-core fluids, it may be used to predict the needed data. Thirdly, for deriving EOS based on the perturbation theory there is no need to know any explicit mathematical form for g 0 ðrÞ in the 1 < x < region. As expressed by eqs. (24) and (25), the proposed equal area approach for determining the values of the parameters is straightforward. Using this EOS, we have calculated the compressibility factor for the SW and HCLJ fluids. The results are presented in Tables I, II , and III, and also shown in Fig. 1 . As shown in these tables and Fig. 1 , the results of the EOS are in good agreement with the simulation data. The reason for this good agreement may be due to the fact that value of the parameter is chosen in such a way that the surface underneath of the new extended SW potential function is equal to that of the model potentials (like SW and HCLJ), see eqs. (24) and (25). According to eq. (2) the accuracy of such surface leads to the accurate Helmholtz free energy. In these tables and Fig. 1 the results of our EOS are compared with those of the others EOSs, from which we may conclude that this EOS is compatible with the mentioned equations of state. Therefore, the approximations we used in this work seem to be appropriate. Extension of this work to fluids with a soft repulsive branch of potential remains for the future.
